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Ion-acoustic envelope solitons in electron-positron-ion plasmas
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Ion-acoustic envelope solitons in a collisionless unmagnetized electron-positron-ion plasma are studied. The
Krylov-Bogoliubov-Mitropolsky perturbative technique is used to obtain the nonlinear Schro¨dinger equation.
The critical wave number for the modulational instability depends upon the concentration of different species
and the temperature ratios of electrons and positrons. In the limiting case of zero positron concentration we
recover the previous results of electron-ion plasma. It is found that a small concentration of ions in the
electron-positron plasmas can change the dynamics of the system significantly. The ions can introduce slow
time and long spatial scales in the plasmas. Thus the electron-positron plasmas become richer in linear and
nonlinear wave dynamics.
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I. INTRODUCTION

The electron-positron-ion (e-p-i ) plasmas have bee
studied by several authors during the past many years@1–6#.
The research in the field of pair plasmas, the electr
positron plasmas, started a few decades ago. Elect
positron (e-p) plasmas are believed to exist in early univer
@7–9#, in active galactic nuclei@10#, and in pulsar magneto
spheres@11,12#. Most of the astrophysical plasmas may co
tain ions as well, in addition to electrons and positrons.

The ion-acoustic wave is very important in electron-i
(e-i ) plasmas. Linear study of this mode and it’s coupli
with several other waves have been presented in severa
search papers and books, see for example Refs.@13,14#.
Nonlinear ion-acoustic waves have also been studied by
eral authors, as for example Refs.@15–20#. If ions are
present in thee-p plasmas, then ion-acoustic wave can ex
in such a system.

A few years ago nonlinear dynamics of ion-acoustic wa
has been studied in electron-positron-ion plasmas u
Sagdeev potential approach@2#. In the small amplitude limit
authors have obtained a Boussinesq equation. They h
found that the amplitude of the ion-acoustic soliton is
duced due to the presence of positrons in an electron
plasma. The nonlinear investigation presented in Ref.@2# for
e-p-i plasmas is similar to the case ofe-i plasma studied by
Davidson@14#. Davidson discussed the solitary structure
sociated with nonlinear ion-acoustic wave ine-i plasma us-
ing Sagdeev potential approach and also obtained
Korteweg–de Vries equation in the small amplitude lim
This was an important investigation about ion-acous
waves at initial stages. This investigation has invoked a lo
research interest in the nonlinear dynamics of this wave.

The envelope solitons of ion-acoustic wave ine-i plasma
were investigated@16,17# by many authors and it seems in
teresting to investigate the formation of envelope solitons
these waves ine-p-i plasmas as well.

In this paper we use Krylov-Bogoliubov-Mitrospolsk
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~KBM ! multiple scale perturbation to obtain nonline
Schrödinger equation. This approach was applied to
study of ion-acoustic waves first time, by Kakutani and Su
imoto @21#. In the following section the basic set of nonline
equations is presented and the nonlinear Schro¨dinger equa-
tion is obtained using KBM method alongwith numeric
results. A brief discussion is presented in the last section

II. FORMULATION

To describe the ion-acoustic wave in electron-positr
plasma, the basic system of equations for cold ion dynam
is given by

] tni1]x~niv i !50, ~1!

] tv i1v i]xv i52
e

mi
]xf. ~2!

The electrons and positrons follow the Boltzmann distrib
tion given, respectively, as

ne5ne0expS ef

Te
D ~3!

and

np5np0expS 2
ef

Tp
D , ~4!

and the system of equations is closed by Poisson’s equa

]x
2f54pe~ne2np2ni !, ~5!

where in above equations,ni(ne ,np) is the number density
of ions ~electrons,positrons!, v i is the velocity of ion fluid,f
is the electrostatic potential,Te(Tp) is the electron~positron!
©2002 The American Physical Society07-1
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temperature,e is the electron charge, andmi is the ion mass.
The quasineutrality condition at plasma equilibrium is sa
fied through

ne05np01ni0 , ~6!

where ne0(np0 ,ni0) is the unperturbed electron~positron,
ion! density.

We normalize all the parameters in Eqs.~1!–~5!. The den-
sities withne0, the electrostatic potential withTe /e, ion fluid
velocity with cs(5ATe /mi), space with lde

(5ATe/4pne0e2) and time withlde /cs . The basic set of
equations reduces to

] tni1]x~niv i !50, ~7!

] tv i1v i]xv i52]xf, ~8!

and

@]x
22~11dphp!#f1ni5

1

2
~12dphp

2!f21
1

6
~11dphp

3!f3,

~9!

wheredp5np0 /ne0 andhp5Te/Tp.
We expand all the physical quantitiesni ,v i , and f in

terms of perturbation parameter-e, as

F ni

v i

f
G5F 12dp

0

0
G1eF n1~a,ā,c!

v1~a,ā,c!

f1~a,ā,c!

G1e2F n2~a,ā,c!

v2~a,ā,c!

f2~a,ā,c!

G
1e3F n3~a,ā,c!

v3~a,ā,c!

f3~a,ā,c!

G1•••, ~10!

to solve for the KBM perturbation solutions.
Employing KBM perturbation method, we assumed th

n1 ,v1 ,f1, and all higher orders ine quantities depend onx
and t only througha,ā andc, wherea, andā are the com-
plex amplitudes andc is phase factor defined asc5kx
2vt. Thek andv being normalized wave number and fr
quency, respectively. The time and space derivatives of
complex amplitude are slowly varying functions, given by

] ta5eA1~a,ā!1e2A2~a,ā!1e3A3~a,ā!1•••, ~11!

]xa5eB1~a,ā!1e2B2~a,ā!1e3B3~a,ā!1•••, ~12!

together with the complex conjugate relations to Eqs.~11!
and ~12!. The unknownA’s and B’s are arbitrary functions
and are used to eliminate the secular terms that appea
various solutions.

Using Eqs.~10!–~12! into Eqs.~7! and~8!, we can obtain
the linear dispersion relation of ion acoustic waves in thee-
order. In the first order ofe, we assume a starting solution

f15aeic1āe2ic, ~13!
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which gives the first-order solutions

n15
k2

v2
~12dp!~aeic1āe2ic! ~14!

and

v15
k

v
~aeic1āe2ic!, ~15!

and leads to linear dispersion relation as

v2~11k21dphp!5k2~12dp!. ~16!

Here we note that whendp50, we get the linear dispersio
relation of ion-acoustic wave ine-i plasma@21#.

In e2-order set of equations, using the secularity-free c
dition A11vgB150, we evaluate the set of solutions in se
ond order as

f25Afa2e2ic1c.c.1j1 , ~17!

n25Ana2e2ic22ikB1eic1~12dphp
2!aā1c.c.

1~11dphp!j1 , ~18!

v25Ava2e2ic1
ik

v2 S A11
v

k
B1Deic2

2iv

~12dp!
B1eic1c.c.

1j2 , ~19!

where

Af5
1

6v4k2
$3k4~12dp!2v4~12dphp

2!%,

An5
~12dp!

6v4
$3k2~11dphp14k2!2v2~12dphp

2!%,

Av5
1

6kv3
$3k2~11dphp!2v2~12dphp

2!16k4%,

and group velocityvg is given as

vg5
v

k S 12
v2

~12dp! D .

The constants of integrationj1 andj2 are assumed to be rea
and arbitrary with respect toc, and they depend upona and
ā alone. From the third order ine set of equations, we can
find these constants by removing the secular producing c
stant terms; therefore,

j15
Aj1

~11dphp!vg
22~12dp!

aā1R1 , ~20!
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FIG. 1. Dependency of critica
wave numberkc on the ratio of
densitiesdp (5np0 /ne0) at differ-
ent temperature ratios hp

(5Te /Tp).
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j25
Aj2

~11dphp!vg
22~12dp!

aā1R2 , ~21!

where

Aj1
5

k2

v2
~12dp!S 11

2k

w
vgD2~12dphp

2!vg
2 ,

Aj2
5

2k3

v3
~12dp!2~12dphp

2!vg1
k2

v2
~11dphp!vg ,

while R1 andR2 are the arbitrary absolute constants.
On the other hand, thee3-order set of equations, by elimi

nation of secularity producing resonant terms, leads to n
linear Schro¨dinger equation for the slowly varying amplitud
as follows:

i ~A21vgB2!1P~B1]a1B̄1] ā!B15Qa2ā1Ra. ~22!

The dispersion coefficientP, the nonlinearity interaction
coefficientQ and linearity interaction coefficientR are given
as

P52
3

2

v2

k~12dp!
vg , ~23!

Q52
v

2k2~12dp!
F2k6

v4
~12dp!1~v2Af2k2!~12dphp

2!

1
1

2
v2~11dphp

3!23k2An2jG , ~24!

R5v2k2~11dphp!R11
2k3

v
~12dp!R2 , ~25!
03640
n-

where

j5
1

~11dphp!vg
22~12dp!

H 2k3

v
~12dp!Aj2

1v2k2~1

1dphp!Aj1J .

Here we find that whendp50, the results are the same a
obtained by Kakutani and Sugimoto@21# for-ion acoustic
wave ine-i plasma.

III. CONCLUSION

We have studied electron-positron-ion plasma with lo
frequency electrostatic perturbations. Due to the presenc
ions the ion-acoustic wave exists in such a plasma. It
been shown that the nonlinear ion-acoustic wave can fo
envelope solitons in an unmagnetizede-p-i plasma. A few
years ago it was shown that the ion-acoustic waves can
rise to solitary pulses ine-p-i plasmas@2# similar to the case
of e-i plasmas @14#. In this investigation the Sagdee
pseudopotential approach was adopted. It was found tha
presence of positrons in the system reduces the amplitud
the solitary structure.

In the present paper the multiple time scale method
been used to obtain nonlinear Schro¨dinger equation and a
modulational instability of ion-acoustic wave ine-p-i
plasma has been studied.

The critical wave numberkc , at which the modulationa
instability sets in, has been plotted in Fig. 1 against the ra
of the concentration of positrons to electrons at several
ferent temperatures. The behavior of the plots is similar
different temperature ratios. However the critical wave nu
ber depends upon this ratio as well. As the concentration
7-3
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positrons increases, the instability sets in at lower wave n
bers. We noticed here that whenhp50, then the positron
concentration also vanishes.

In principle the system is valid athp51, where both the
fast moving species, the electrons and positrons, are in t
mal equilibrium. For other values the behavior is not mu
different as long as the ratio of temperatures is not hi
s

i,

hy

flo
ys

03640
-

er-
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.

However when the temperatures of the two species bec
very different from each other then the plasma should no
treated as ideal.

For the zero concentration of positrons our result redu
to the case ofe-i plasma studied in Refs.@18,21#. The
present investigation can be interesting for the astrophys
plasmas.
d
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